Abstract. A function f defined on a subset E of a two normed space X is statistically ward continuous if it preserves statistically quasi-Cauchy sequences of points in E where a sequence (xn) is statistically quasi-Cauchy if (∆xn) is a statistically null sequence. A subset E of X is statistically ward compact if any sequence of points in E has a statistically quasi-Cauchy subsequence. In this paper, new kinds of continuities are investigated in two normed spaces. It turns out that uniform limit of statistically ward continuous functions is again statistically ward continuous.
Introduction
The concept of continuity and any concept involving continuity play a very important role in pure mathematics and also in other branches of sciences involving mathematics, i.e. in computer science, information theory, and biological science.
The idea of statistical convergence was first given under the name almost convergence by Zygmund in Warsaw in 1935 [32] . Statistical convergence was formally introduced by Fast [15] and later was reintroduced by Schoenberg [31] , and also independently by Buck [1] . This concept has become an active area of active research.
It has been applied in various areas ( [13, 27, 31, 17, 9, 32, 16, 23, 11, 25] ).
E has a convergent subsequence whose limit is in E. Using the idea of continuity and compactness, many kinds of continuities and compactness were introduced and investigated ( [2, 3, 4, 5, 6, 12] ). Statistical ward continuity of a real function and statistical ward compactness of a subset E of R were introduced by Cakalli in [7] in the sense that a real function f is called statistically ward continuous on E if the sequence (f (x n )) is statistically quasi-Cauchy whenever x = (x n ) is a statistically quasi-Cauchy sequence of points in E.
The aim of this paper is to investigate statistically ward continuity in two normed spaces, and prove interesting theorems.
Preliminaries
First of all, some definitions and notation will be given in the following. Throughout this paper, N, and R will denote the set of all positive integers, and the set of all real numbers, respectively. First we recall the definition of a two normed space. for α ∈ R and x, y, z ∈ X. The function ||., .|| is called the 2-norm on X.
Observe that in any 2-normed space (X, ., . ) we have ., . is nonnegative, ||x − z, x − y|| = ||x − z, y − z||, and ∀x, y ∈ X, α ∈ R x, y + αx = x, y .
Throughout this paper by X we will mean a 2-normed space with a two norm ., . .
A classical example is the two normed space X = R 2 with the two norm ., .
. This is the area of the parallelogram determined by the vectors a and b.
A sequence (x n ) of points in X is said to be convergent to an element x ∈ X if lim n→∞ x n − x, z = 0 for every z ∈ X. This is denoted by lim n→∞ ||x n , z|| = ||x, z||. A sequence (x n ) of points in X is called Cauchy if lim n,m→∞ x n − x m , z = 0 for every z ∈ X ( [18] ).
A sequence of functions (f n ) is said to be uniformly convergent to a function f on a subset E of X if for each ǫ > 0, an integer N can be found such that f n (x) − f (x) , z < ǫ for n ≥ N and for all x, z ∈ X ( [18] ).
The concept of statistical convergence is a generalization of the usual notion of convergence that, for real-valued sequences, parallels the usual theory of conver-
given by
if this limit exists where |{k ≤ n : k ∈ M }| denotes the cardinality of the set {k ≤ n : k ∈ M }. Let recall that a sequence (x k ) is said to be statistically convergent to L if for every ǫ > 0 the set {k ∈ N : ||x k − L, z|| ≥ ǫ} has natural density zero for each nonzero z in X, in other words (x k ) statistically converges to
for each nonzero z in X. For L = 0, we say this is statistically null [22] .
Results
In this section we investigate the notion of statistically ward continuity of a function on a two normed space. First we give a definition of a statistically quasiCauchy sequence in a two normed space.
We note that any quasi-Cauchy sequence is statistically quasi-Cauchy not only in the real case and in the metric setting, but also in a 2-normed space. A statistically convergent sequence is statistically quasi-Cauchy. However the converse is not always true, i.e. there are statistically quasi-Cauchy sequences which are not statistically convergent. Any Cauchy sequence is statistically quasi-Cauchy, but the converse is not always true.
Now we give the definition of statistical ward compactness of a subset of X.
Definition 3.2.
A subset E of X is called statistically ward compact if any sequence of points in E has a statistically quasi-Cauchy subsequence.
First, we note that any finite subset of X is statistically ward compact, union of two statistically ward compact subsets of X is statistically ward compact and intersection of any statistically ward compact subsets of X is statistically ward compact. Furthermore any subset of a statistically ward compact set is statistically ward compact. Any compact subset of X is also statistically ward compact.
A function f on a subset E of X is sequentially continuous at x 0 if for any sequence (x n ) of points in E converging to x 0 , we have (f (x n )) converges to f (x 0 ).
f is sequentially continuous on E if it is sequentially continuous at every point of E. This is equivalent to the statement that f preserves convergent sequences of points in E.
Definition 3.3.
A function f on a subset E of X is said to be statistically sequentially continuous at x 0 if for any sequence (x n ) of points in E statistically converging to x 0 , we have (f (x n )) statistically converges to f (x 0 ) (see also [24] and Proof. Suppose that f is not sequentially continuous at a point x of X so that there exists a convergent sequence x = (x n ) of points in E with limit x such that (f (x n ))
is not convergent to f (x). Then there exists a z ∈ X, and a positive real number ǫ 0 such that for each n ∈ N there is a k n ∈ N with ||f (x kn ) − f (x), z|| ≥ ǫ 0 . Consider the subsequence (x kn ) of x. As statistical sequential method is regular, (x kn ) is statistically convergent to x. Since
the transformed sequence (f (x n )) is not statistically convergent to f (x). This completes the proof of the theorem.
Proof. Let x 0 be a fixed element of X. We can construct a sequence as
It is easy to see that st − lim n→∞ x n = x 0 . The transformed sequence (f (x n )) defined by
is convergent. Thus the subsequence
of the sequence (f (x n )) is also convergent to f (x 0 ). Since for all n ∈ N, w n = f (x n 2 ) = f (t), it follows that f (t) = f (x 0 ). This completes the proof. We note that a composite of two statistically ward continuous functions is statistically ward continuous. Now we prove that sum of two statistically ward continuous functions is statistically ward continuous. Proof. Let f and g be statistically ward continuous functions on a subset E of X.
To prove that f + g is statistically ward continuous on E, take any statistically quasi-Cauchy sequence (x k ) in E. Then (f (x k )) and (g(x k )) are statistically quasiCauchy sequences. Let ε > 0 be given. Since (f (x k )) and (g(x k )) are statistically quasi-Cauchy, we have
which follows from the following inclusion
In connection with statistically quasi-Cauchy sequences and convergent sequences the problem arises to investigate the following types of continuity of functions on X:
In the previous statements (1) is a statistical ward continuity, (3) is the ordinary continuity and (5) is a statistical continuity of the function f . It is obvious that Theorem 3.8. If f : X → X is statistically ward continuous on a subset E of X, then it is statistically sequentially continuous on E.
Proof. Let (x k ) be any statistically convergent sequence of points in E with a sta-
Then the sequence ξ = (ξ n ) defined by
is also statistically convergent to x 0 . Therefore it is a statistically quasi-Cauchy sequence. As f is statistically ward continuous on E, the transformed sequence
is also statistically quasi-Cauchy. Now it follows that
for every z ∈ X. It implies that the sequence (f (x n )) statistically converges to f (x 0 ). This completes the proof of the theorem.
The converse of the theorem is not always true. The following example illustrates this situation:
Example 3.9. Consider two normed space R 2 with the two norm (a 1 , a 2 ), (
, and the function
Thus it is easily verified that the sequence (x k )
is statistically quasi-Cauchy since ∀z ∈ X
On the other hand (f (
Now we state the following result related to ordinary sequential continuity. Proof. The proof follows from Theorem 3.4 so is omitted. Proof. Let E be a statistically ward compact subset of X. Statistically ward compactness of E implies that there is a subsequence z = (z k ) of x = (x n ) with In ordinary sense it is well known that uniform limit of continuous functions is continuous. It is also true that uniform limit of statistically ward continuous functions is statistically ward continuous.
Theorem 3.12. If a sequence (f n ) of statistically ward continuous functions on a subset E of X and (f n ) is uniformly convergent to a function f then f is statistically ward continuous on E.
Proof. Let z be any fixed point of X and ǫ ≥ 0. Take any statistically quasi-Cauchy sequence (x k ) of points in E. By uniform convergence of (f n ) there exists a positive integer N such that f n (x) − f (x), z < ǫ 3 , ∀x ∈ E whenever n ≥ N . Since the function f N is statistically ward continuous on E, we have
By the triangle inequality we have
On the other hand, we have
From this inclusion the following is obtained.
Thus f is statistically ward continuous on E. This completes the proof of the theorem.
Conclusion
In this paper, we introduced new kinds of continuities and compactness, and proved interesting theorems related to the concepts of statistical ward continuity and statistically ward compactness, ordinary continuity, ordinary compactness, and some other kinds of continuities. One may expect this concept to be a useful tool in the field of two normed space theory in modelling various problems occurring in many areas of science, computer science, information theory and biological science.
For a further study, we suggest to investigate quasi-Cauchy sequences of points, fuzzy functions and statistically ward continuity for the fuzzy functions in a 2-normed fuzzy spaces. However due to the change in settings, the definitions and methods of proofs will not always be analogous to those of the present work. We note that the study in this paper can be carried to n-normed spaces without any difficulty (see for example [28] , and [14] for the definition of an n-normed space, [30] and [29] ).
